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ABSTRACT
How can we understand the structure of mathematics in the context of school mathematics? It appears that there are challenges in teaching and learning mathematics that relate to its structure. This paper examines the structure of mathematics in the context of school mathematics and the need to explore and understand the structure of mathematics in relation to the school subject. The three dichotomies of inductive/deductive, defining/proving and arbitrary/necessary are used to elaborate on the structure of mathematics in the context of teaching and learning in school. Here I will explain these dichotomies while referring to the new school curriculum in mathematics in Norway and to the nature of mathematical argumentation in general. This will show that there is a bias towards the deductive side of mathematics, while the aspects that are inductive and arbitrary are overlooked. The analysis in this study points out the importance of the potential in developing mathematics teaching that nurtures the student’s feeling for mathematics and mathematical reasoning, while taking into account the entanglement of these three dichotomies that we witness in school mathematics.
Introduction
I will start by raising three questions: Can you prove a definition? Where does a definition originate? Do many examples constitute a proof? These questions may seem odd, but they touch on the essence of some challenges faced by learners and teachers of mathematics. The purpose of this paper is to reflect on particular aspects of mathematics as suggested by these questions.
[bookmark: _Hlk47686473]The main focus of this paper is to discuss six core constructs of mathematics and mathematical activity, namely proving, defining, deduction, induction, arbitrary and necessary. The goal is to provide a perspective on some of the challenges in learning and teaching mathematical proving and defining, especially in school. I group the contrasting constructs into three dichotomies, but I also emphasise their entanglement. To do this I draw on the philosophy of mathematics, mathematics education research and school curricula.
My motivation for considering these constructs came from conversations I had with two primary school teachers while investigating the teaching of proof in primary school. As I was discussing the role of definitions in mathematical proving with one of the teachers, she suggested that a definition might be proven. This issue has also been discussed by Levenson (2012), who stated while observing lower secondary school teachers that they are not aware of the difference between a definition and a theorem and that they think definition might be proven. When we were discussing definitions of polygons, and I challenged the idea that the sides need to be straight, the other teacher replied: “Then I’d say that, but there are some smart people like ... [laughs] No, but then I would say. Can we only decide on our own rules in mathematics? Can we just decide…”. This teacher was surprised that there is something that has to be decided, and she spontaneously referred to some authorities deciding for us. The idea that there are some elements of arbitrariness was a challenge for her, and the other teacher also found this challenging (Linchevsky et al., 1992). Another challenge is that both teachers and students have difficulties separating empirical arguments from deductive arguments when constructing proof (Reid & Knipping, 2010). These challenges concern some of the basic structures of mathematics. 
This paper has three main arguments. The first is that the structure of school mathematics introduces biases in valuing the six notions: defining, proving, induction, deduction, arbitrary and necessary. Proving, deduction and necessary are positioned higher than defining, induction and arbitrary. This bias might be the source of some challenges in learning mathematics. The second argument in this paper is that there is a need to educate teachers not only about the difference between these key notions, but also about entanglements. The last main argument is that the dichotomy of inductive and deductive reasoning is an oversimplification, and that to understand the reasoning in defining, we must also consider analogical reasoning.
[bookmark: _Hlk47686285]I have organised these six constructs into three dichotomies: defining/proving, inductive/deductive, arbitrary/necessary. I have derived the first dichotomy from the two basic notions in mathematics, definition and theorem. As school mathematics focuses on mathematical activity, I choose to focus on the activity of proving and the activity of defining, thus defining/proving. The second dichotomy is inductive and deductive reasoning, where these two adjectives are fundamental aspects in philosophy and in labelling the nature of reasoning that occurs in mathematics. The third dichotomy is arbitrary and necessary. Arbitrary in mathematics refers to things that could be otherwise, for example, definitions or notions. The necessary is what arises as an essential consequence.
The aspects that are highlighted in this paper are not new; all are found in the relevant literature. What I want to portray is how there appears to be a tendency towards a one-sided focus in mathematics, which can make it difficult to understand some vital concepts.
Proof in curriculum and school mathematics
Proof is considered to be an essential aspect of mathematics, and therefore, should be part of mathematics curriculum and mathematics teaching. Furthermore, mathematical proving is related to explanation and relational understanding, as the process of constructing mathematical arguments requires structural understanding of the mathematical objects in focus. This is reflected in the new Norwegian curriculum (Utdanningsdirektoratet, 2019), where reasoning and argumentation constitutes one of five core elements that should be reflected in all mathematics subject areas:
Reasoning in mathematics is about being able to follow, evaluate and understand the train of thought. This means that the pupils shall understand that mathematical rules and results are not arbitrary but have clear rationales. The pupils shall undertake their own reasoning, both to understand and to solve problems. Argumentation in mathematics means that the pupils support their methods, reasoning and solutions and prove that they are valid (Utdanningsdirektoratet, 2019, p. 2 my emphasis and translation)
[Resonnering i matematikk handlar om å kunne følgje, vurdere og forstå matematiske tankerekkjer. Det inneber at elevane skal forstå at matematiske reglar og resultat ikkje er tilfeldige, men har klare grunngivingar. Elevane skal utforme eigne resonnement både for å forstå og for å løyse problem. Argumentasjon i matematikk handlar om at elevane grunngir framgangsmåtar, resonnement og løysingar og beviser at dei er gyldige.]
 
I derive three aspects from this extract, first that proof helps to develop students’ relational understanding, and thus has an important position in mathematics teaching and learning. The other two aspects have relevance for the understanding of mathematical thinking. The extract states that reasoning in mathematics is about considering and understanding the mathematical train of thought. But while the reasoning that is used when proving is deductive, mathematical thinking includes more than deduction. Example conjecturing and problem-solving are also important. In this paper, I will contrast the deductive reasoning that is associated with proving to the reasoning that must be present in the defining activity. Part of the argument in this paper is that as it is important to understand and evaluate the deductive reasoning that occurs in proving, it is just as important to develop and understand the reasoning that occurs in the defining activity and the reasoning that appears in the development of norms, names and symbols. This leads to the next point that I want to point out that is stated in the quoted above, which is that mathematical results are not arbitrary. While this applies to the result of proving, it is not true when it comes to the result of the defining activity. In other words, and as I will discuss below, a definition has an aspect of arbitrariness within it that also applies to norms, names and symbols. The curriculum emphasises that students need to understand that mathematical rules are not arbitrary. As the above-mentioned research findings show, it is not only difficult to grasp the understanding of the theorem, but also to understand that definition is something different than proof. I claim that the epistemology of a definition is different than what is the case for a theorem and its proof, a difference that should we need to be aware of.  
The theoretical perspective that I discuss in this paper builds on the hypothesis that there is a need to develop an understanding of the nature of the defining process to gain a deeper understanding of proving. 
Three dichotomies
[bookmark: _Toc8682050][bookmark: _Toc8682049]The following section will elaborate on the three dichotomies. As stated above, this is an attempt to elaborate on the structures of mathematics when it comes to the challenges that have appeared in defining and proving, challenges that relate to the structure of mathematics. The reason why I categorise them as dichotomies is that the notion that constitutes these dichotomies can be seen as totally different, as the Cambridge Dictionary (Cambridge-Dictionary, 2020) explains dichotomies. At the same time, these notions are inseparable and are each other’s counterpart and non-examples. A definition can be considered as totally different than a proof, induction is different than deduction and the arbitrary is different than the necessary. Despite their differences, these structures are strongly interrelated, and I will illustrate how the mathematical activities comprise all of them: defining, proving, inductive reasoning, deductive reasoning, development of arbitrary, and development of necessity. By separating these notions, I believe that it will facilitate our understanding of how they are interdependent and intertwined in the mathematical activity and mathematics as a product. In mathematical activity all these notions are interdependent. This interaction between proof and definitions relates to the work of Lakatos (1976), who illustrates that the process of proving influences and depends on the development of definitions and vice versa.  
Defining/proving
In this sub-section, I will elaborate on the dichotomy of defining and proving, how these notions are understood when it comes to teaching proof and definition in primary school and how the notions relate to the structure of mathematics. 
Ever since the Greek era, the axiomatic structure has been essential in the development of Western mathematics (Kleiner, 1991). Euclid’s work has been a model for axiomatic methods and the ideal for today’s mathematics, where axioms and definitions are the foundation for theorems (propositions). Lakatos characterises this as the deductivist style (Lakatos, 1976, p. 151). I describe these axioms and definitions as starting points, in line with Netz (1999). Whilst my focus is on definition, I believe that this discussion could include axioms as well. The reason for the focus on definitions is that the notion of axioms is not widely used in school mathematics. It might also be useful to broaden this notion of the starting point to include assumptions, theorems and established procedures. 
In all the great epochs in the philosophy of mathematics, namely Euclidianism, logicism, formalism and constructivism (Ernest, 1998), proof and definition play a key role in the epistemological discussions. The discussion on the starting points (axioms and definitions) is about how to understand the appearance of these starting points, and whether they are self-evident, just arbitrarily chosen or intuitively verified, while in the discussion of the proof, the logic and the modes of reasoning are called into question.
In the philosophical discussion on the truth of mathematics, this axiomatic style can be described as foundationalism (Ernest, 1998). While the starting points are conceived as self-evident and the proof is undertaken deductively, the mathematical results are understood to present an absolute truth. Looking at Euclid’s The Elements, the elaboration of the proof is what is essential in promoting this truth. Deductive reasoning is widely elaborated on, with the intention of illuminating all the essential steps. In contrast, the development of the starting points is not elaborated on at all. It is just presented as given, without mentioning or revealing the process the author (Euclid) must have followed to be able to present and describe these starting points. Thus, we are left with the situation where starting points, with the definition, and proof are essential in maintaining mathematical certainty. Furthermore, they compose the two most apparent aspects and are the key structure of mathematics, as everything that is created and constructed in mathematics might be seen in relation to definition and proof; every notion in use has an explicit or implicit definition and every argument is evaluated as to whether it qualifies as a proof or not. As in problem-solving, it might be asked whether the right definitions have been used and whether the conclusion has been validly deduced.
Proof requires a starting point, which is considered to be general. Proofs are deductive and limited by the properties chosen for the definition. On the other hand, definitions cannot be proven. Here we see a distinct difference in materiality between definitions and proof. By defining activity, I mean the activity of creating a definition, which includes: Investigating the object to be defined, discussing how this should be defined, formulating a definition and then examining and improving the definition. 
In the following two sub-sections I will explain in more detail what both proof and definition are. The sub-section on proof will examine it and the activity of proving in relation to learning and teaching. This will include the modes of reasoning and argumentation, and how representation is part of the evaluation of proof. The next sub-section examines definition and the process of defining in relation to learning and teaching. This will include looking at how definitions are evaluated and at defining as a mathematical activity. I will then relate the defining activity to the activity of proving.
Proving
‘Proof’ and ‘proving’ are notions that are used in many different settings. In mathematics alone the notions appear in quite different settings. For example, they can be used in a formal situation where formal proofs are constructed, or they can be used in an informal setting or can describe deductive arguments in an informal mathematical dialogue (Reid, 2015). 
Stylianides (2007) has an oft-cited explanation of proof that relates proof to teaching and learning, it interprets proof in the light of the community, therefore comprising both proof in primary school and proof for mathematicians. 
Proof is a mathematical argument, a connected sequence of assertions for or against a mathematical claim, with the following characteristics:
1. It uses statements accepted by the classroom community (set of accepted statements) that are true and available without further justification;
2. It employs forms of reasoning (modes of argumentation) that are valid and known to, or within the conceptual reach of, the classroom community; and
3. It is communicated with forms of expression (modes of argument representation) that are appropriate and known to, or within the conceptual reach of, the classroom community. (Stylianides, 2007, p. 290)
This explanation starts by stating that proof is a mathematical argument which is a connected sequence of assertions. This idea relates to the transmission of truth (Ernest, 1998; Lakatos, 1978) where one of the key features of proof is that the truth can be transmitted from the starting point to the theorem. Furthermore, the first point refers to statements that are true and valid with no further justification, which I call starting points. The idea that the starting point can be stated as true with no further justification is in line with what (Lakatos, 1978) has called the Euclidian style, where the development of the axioms and definitions is omitted and not part of the mathematical activity. 
The second point in the extract quoted above has notions that are vital for my further discussion, that is forms of reasoning (modes of argumentation) that are valid. I interpret this as meaning that the author has used form of argumentation as a synonym for forms of reasoning. While it is perhaps useful to see these as synonyms, I think it is more important to consider that argumentation and reasoning might be two different phenomena. The form of reasoning that is considered to be valid is the use of logical rules, such as modus ponens and modus tollens (See Stylianides, 2016, p. 14). As is often the case in literature in this field, the form of reasoning and modes of argumentation that are present in proving are identified but not contrasted to the experience of reasonable definitions and the activity of making a good definition. My aim in this theoretical study is to arrive at an understanding of how defining and proving can be understood by both contrasting and relating them to each other. Part of doing this is to point out how both a definition and a proof might be conceived as reasonable and right. 
The third point in the extract quoted above describes how the communication needs to use modes of argument representation that are known to the community. This point emphasises how the representation needs to be in line with the ability of the community in question. As the group of students learns and develops, the available modalities of communication are increased. Because modality is not static, I argue that it is important to understand the concepts of proof as separate from the specific modality of communication. A proof may appear in several different forms that utilise a wide range of modalities; algebraic, generic examples, verbal, visual proofs, geometrical proof, two-column and so on (Ahmadpour et al., 2019, p. 4). This implies that proof should not be interpreted solely by means of the applied modalities; rather, it is important to evaluate the structure of the reasoning and the arguments that are used. Generally, I understand proof as a mathematical statement that is based on deductive reasoning. This might be communicated through the students’ available modality and therefore the generality of the proof should not depend on the modalities. As learners have not acquired formal language, I point out that an argument might be considered as proof when it has a deductive structure, and I will consider a one-linked chain to be proof. All the proofs I refer to here are pre-formal proofs (Reid & Knipping, 2010). 
In sum, proof should be evaluated and understood by the modes of reasoning that are embedded in it. The starting points and modes of communication are also developing within the performing community. Proof, the activity of proving and the experience of certainty are contrasted with each other and seen in relation to definition and defining in order to gain a deeper mathematical understanding.
To enrich the discussion of the relationship between proof and definition, I will introduce the notion of certainty. The motivation for this is that the idea and experience of certainty are associated with mathematics, commonly in relation to proof. But, as I will point out in the next section, the experience of certainty might as well appear in relation to defining. Furthermore, these experiences of certainty influence how proof and definition are perceived. Harel and Sowder (2007) claim that “the process of proving includes two processes: ascertaining and persuading” (p. 809). What I find important is how this relates to the experience of the individual, that this is an internal and personal experience. 
Ascertaining is the process an individual (or a community) employs to remove her or his (or its) own doubts about the truth of an assertion. (Harel & Sowder, 2007, p. 808)
What the individual or group builds this ascertaining on might vary and might not necessarily be deductive reasoning. As it is not natural to understand deduction differently than norms and authorities, it is then crucial that this affinity and intuition for deduction as a key source for mathematical certainty is developed through education (Fischbein, 1982). Another aspect regarding the experience of certainty in relation to mathematics is the idea that everything we encounter in mathematics is certain. Ernest (2016) explains how the feeling of all mathematics being certain might have its origin from years in school where the students experienced that all tasks have one right answer, where they memorised proofs and learned that this ensures certainty. They did not necessarily develop the understanding that mathematical certainty is based on particular modes of reasoning. To expand on this point, on the one hand there is the feeling and experience of certainty, and on the other hand, there is the idea of all mathematics being certain. Both this idea and feeling do not necessarily relate to deductive reasoning. This detour into certainty, the feeling of certainty and intuition, also appears in definitions.
Defining
This section will examine the place of definitions in mathematics and in mathematics learning. Furthermore, it will look into the norms for a definition, seeing that these norms are something different than the process of making and validating a definition.
The first thing presented in Euclid’s Elements is the definitions, and these serve as the grounds for the reasoning that occurs in the proof of the postulates (theorems). There are two kinds of definitions; ones that introduce basic elements, where the notions are characterised by their properties; and ones that use other concepts to define the notion (Joyce, 2013). 
Zazkis and Leikin (2008) argue that a definition should introduce a notion and give sufficient information in order to identify the concept; the definition should be minimal and is arbitrary. The idea of formal definitions relates to norms of definitions and the literature shows a variety in what is emphasised as criteria for a definition. Edwards and Ward (2008) have a quite comprehensive list of features to give an idea of what might be valued in definitions. 
Necessary Features
· Criterion of hierarchy: According to Aristotle, any new concept must be described as a special case of a more general concept: a square is a quadrilateral (general concept) with four congruent sides and one right angle (special case).
· Criterion of existence: Also required by Aristotle, this criterion demands proof that at least one instance of the newly defined concept exists.
· Criterion of equivalence: If one gives more than one definition for the same concept, one must prove that they are equivalent.
· Criterion of acclimatization: A definition must fit into and be part of a deductive system.
Frequently Preferred Features
· Criterion of minimality: Only the minimal number of properties necessary to “reconstruct” the concept should be mentioned. Thus the definition of a square requires one right angle, not four.
· Criterion of elegance: When choosing between two equivalent definitions we want the one that uses fewer words and symbols, or the one that “looks” nicer.
· Criterion for degenerations: Sometimes the consequences of a definition allow degenerate cases that one may wish to exclude (or not). (Edwards & Ward, 2008, p. 224)
These features are norms for how definitions are formulated and for ensuring that the definition fits into the axiomatic deductive systems. Moreover, the structures make it possible for the initiated to recognise a definition. 
In addition to that, the definition is crucial in mathematics and it is fundamental to proving; definitions and the defining activity might be important for student learning and for developing a deep understanding of mathematical concepts (Kobiela & Lehrer, 2015; Mariotti & Fischbein, 1997) which are important for managing construction of proof (Edwards & Ward, 2008). Despite the definition’s crucial place in both mathematics and learning, it appears that definitions and the defining process are given less focus in the curriculum than proof (Vinner, 1991). In the new Norwegian curriculum, definition is mentioned once, in one of its approximately 100 learning goals:
- describe properties of and minimum definitions of two- and three-dimensional figures and explain which properties the figures have in common, and which properties distinguish them from each other.
[beskrive eigenskapar ved og minimumsdefinisjonar av to- og tredimensjonale figurar og forklare kva for eigenskapar figurane har felles, og kva for eigenskapar som skil dei frå kvarandre.] 
(Utdanningsdirektoratet, 2019, p. 7)
This lack of focus on definition can also be seen in the national school curriculum in the UK for children aged 6-16, where definition is mentioned two times, compared to proof that is mentioned eight times (Departmen-of-Education, 2020). 
This lack of focus on definition and defining can relate to the attitude that it is in the problem solving and in the proving, and that the development of starting points therefore comes in advance of the mathematical activity (See Hewitt, 1999). Dickerson and Pitman (2016) illustrate a common idea about definitions: 
Beyond being created on the advice of experts, mathematical definitions need no further justification. They can neither be proven nor disproven, only accepted or rejected. (p. 2)
This gives the impression that definitions do not need any work or elaboration, one might be tempted to believe that they have been handed down by God to experts. Furthermore, it neglects the fact that there is a process of accepting and rejecting a definition.
Here I will posit some ideas about the process of defining. Freudenthal (1971) points to the importance of children engaging in exploration of mathematical objects. By investigating their properties and the relationships between these properties they learn to define and understand what a definition is. Furthermore, when the relationships between the properties start to emerge, the question arises as to how and why some properties depend on each other, and in this exploration of properties and their interdependence, it is possible to deduce and construct proof. Freudenthal characterises this learning activity as local organisation. This landscape of defining is often divided in two, first where the concept image covers all its experiences and ideas and secondly where the concept definition is the given concept. Both concept image and concept definitions come into play in mathematical activity (Vinner, 1991; Zandieh & Rasmussen, 2010).
Winicki-Landman and Leikin (2000) describe the structure of the process of defining as follows. 
For every mathematical concept there are a variety of statements which constitute necessary conditions - the concept properties - or sufficient conditions, that is indications of the concept. Some of the statements establish both necessary and sufficient conditions and thus define the concept. 
By examining logical connections between the statements related to the concept, an equivalence class of defining statements may be established. Every statement that belongs to this class may be chosen arbitrarily as a definition, while the others become theorems that constitute necessary and sufficient conditions of the concept. 
As mentioned above, each of the statements from the established equivalence class may be chosen as the definition: mathematically, there is no difference among them. (Winicki-Landman & Leikin, 2000, p. 17)
These two references describe a process that contains both explorations and generalisation. Thus, even Freudenthal (1971) shows how deduction appears as the relationship between the properties that are explored. Harel and Tall (1991) and Vinner (1991) describe the process of defining where one generalises from examples in order to make the definition. That is, the knowledge of each single case is used to build a general notion that is formulated into a definition. This generalisation is quite a different mode of reasoning than what is emphasised in proof evaluation, as the defining process involves making concepts by studying properties of examples.
The new Norwegian curriculum emphasises that students should learn minimal definition of geometrical shapes, and not that they should learn how to develop a definition and how to think when doing so, neither how to investigate whether the definition defines the phenomena which it intends to define nor whether the definition is reasonable. This differs from how curriculum treats argumentation and proving, where the focus is on the conceptual understanding of mathematical thinking and that the students should learn to find solid ground for their statements. 
Even though the curriculum does not focus on the evaluation of the relationship between the definition and what it intends to define, a brief reflection shows that most people experience that definitions can be right or wrong, and more, that there is some sound reasoning in making this evaluation of right and wrong. The norms that are described by Edwards and Ward (2008) (sited above) do not ensure that the outcome of the defining activity is right. Connecting the idea that there are wrong and right definitions with the common idea that everything that occurs in mathematics can be proven to be certain (Ernest, 2016), it is understandable that the teacher in the introduction believes that the definitions can be proven.
To recall how proof is evaluated, the crucial point of analysing proof is to check that mathematical thinking and its mode of reasoning satisfy the logical ideas. The modes of representation can be considered as secondary because they change with the students’ development, as explained above.
Then, when looking at how definitions are considered it seems that the evaluation of a definition emphasises other aspects than investigating the modes of reasoning. What is emphasised is minimality, as seen in the curriculum, or hierarchical existence, as posited by Edwards and Ward (2008), cited above). The contrast is that when evaluating proof, representations that are determined by norms are secondary, while when defining, the mentioned criterion of minimality is also a norm, but is then used as the primary criterion in evaluating the definition.   
This means that the dominating attitude and work with definitions omits several important questions that would need consideration to understand the feeling and idea of certainty over a definition. If we are to understand the process of defining, questions that need to be addressed are: How do we make a definition and how is it motivated? How do we know that a definition defines what it intends to define and what is the process of reacting to or accepting a definition like? How is a definition adapted and used in deductive reasoning?
By working with these questions and experiencing the processes of defining and proving, the learner might develop an intuition (Fischbein, 1982) for both proving and defining, and thus gain a deeper understanding of the processes and the concept of definition and proof. Furthermore, the leaner can acquire an understanding of the dynamic between them. This intuition does not come of itself but has to be developed through teaching (Fischbein, 1982).
Summary of proof and definition
This section has examined the first of three dichotomies, defining and proving. The two aspects that have been emphasised in viewing these notions as dichotomies are first, the difference in purpose, where definitions are the grounds for the proof that reveals the deductive structure showing how a theorem is valid, and second, how proof and definition are epistemologically different. In other words, how proof is valued by deductive reasoning, while on the other hand, definition cannot be verified by deduction. If the definitions are to be evaluated, this is done accordingly to a list of criteria. 
In spite of these crucial differences, definition and proof are interdependent and entangled. Moreover, there is the epistemological difference, both proof and definition raise the question of certainty, where the feeling and intuition of certainty have difficulty grasping this epistemological difference between these notions. The result of this lack of clarity on the epistemological difference is the utterances and observations of teachers wanting to prove definitions (Levenson, 2012). 
The following section follows this string of epistemological differences by elaborating on how the notions of inductive and deductive reasoning relate to mathematics.
Inductive/deductive
Inductive and deductive reasoning points to an epistemological division which is important for understanding both mathematics, and more generally, understanding the structure of human knowledge in general epistemological discussions. A common distinction between these two constructs is that induction builds knowledge of the whole by studying examples, whereas deduction reaches conclusions based on general given statements (Reid & Knipping, 2010, p. 83). In inductive reasoning, the argument might be strong or weak, and the conclusion might be considered as more or less certain. Deductive arguments refer to a logical structure where the conclusion might be assessed as wrong or certain (Hanna & de Villiers, 2008, p. 331). 
A commonly held idea is that mathematics is deductive and pure (Ernest, 2016; Vinner, 1991). The purity of mathematics is that nothing is added after the starting points have been given. All that takes place in deductive reasoning has already been accounted for in the definitions (starting points), thus deductive reasoning is transparent and open to everyone (Netz, 1999). The classical example of this transparency in deduction is found in Euclid’s work, where the deduction leading to the propositions is clearly stated, and where the intention is that everyone should have access to the chain of arguments. There is an interesting observation in relation to this transparency and the work of Euclid that is relevant for the discussion here: The starting points are not given the same transparency as the propositions. One example is Definition 2. A line is breadthless length (Joyce, 2013). That is all that is written about that presented knowledge. It is not possible to obtain any idea of how the author, Euclid in this case, has come to the belief that this is the right definition. I understand that many mathematicians, may perhaps find this observation to be banal, obvious and irrelevant. But, as the challenges in learning and teaching proving have shown, there is an epistemological aspect to defining which also needs to be illuminated and made transparent to give learners an understanding of mathematical proof by learning about the things that are not part of the proving.
One reason for investigating inductive and deductive reasoning in relation to mathematics and mathematics teaching is that both teachers and students confuse the epistemological value of inductive and deductive arguments (Reid & Knipping, 2010).
 (
Figure 
1
. Illustration of how modes of reasoning appear in the process of defining and proving. The solid line indicates that 
the reasoning is 
superior
 and the dotted line indicates 
inferior
 reasoning in constructing definition and proof.
Arrow 1. Induction
A set of properties is selected from the mathematical phenomenon to form a definition. These properties are selected out of the actual cases and the concept image the person possesses. Since the selection is made out of one body of knowledge and set to be general for all appearances of the particular mathematical phenomenon, this can be considered to be inductive reasoning.
Arrow 2. Deduction
Based on the properties embedded in one or more definitions, it is possible to deduce a proposition/theorem. 
Arrow 3. Deduction 
Deduction is used to check if the definition fits with other aspects of the concept image/mathematical phenomenon. 
Arrow 4 and 5. Induction (conjecturing), reason by analogy
Based on both concept image and concept definition the proposition is made possible through induction and by reasoning through analogy.
Arrow 
6
. Deduction
Using a given postulate, it is possible to deduce certain properties that need to be part of the definition and concept image. 
Ellipse A. Concept image
This presents the person to the mathematical phenomenon. All in all, this gets the person to believe that the mathematical phenomenon exists. 
Ellipse B. Concept definition
The concept definition. Implicit or explicit. 
Ellipse C. 
Theorem
A given proof of a proposition. The proof shows a necessary relationship between mathematical objects.
Ellipse D. Hypotheses 
Hypothetical postulates
)The challenge in distinguishing between inductive and deductive arguments is seen in reports where students and teachers use examples to “prove” a theorem. It is not that students and teachers claim that inductive arguments are suitable as proof in mathematics, rather there appears to be a lack of awareness about these different logical structures that are represented through induction and deduction and what value they have in argumentation (See Martin & Harel, 1989).  
Similarly, when teachers state that a definition might be proven, in my experience that they are not necessarily clear as to what they mean with “proving” in this case. 

[bookmark: _Hlk11662924]Although mathematics is often considered to be deductive, inductive arguments play a crucial role in mathematics and mathematical activity. Pólya (1954) highlights how induction and analogies are part of developing proof, as these modes of reasoning are important in finding mathematical ideas, and in making conjectures and hypotheses for a proposition (Arrow 4 in Figure 1). In mathematics, these conjectures and hypotheses, which are the outcome of inductive reasoning, are always provisional until the deductive proof can be refuted or confirmed. Thus, in this sense, as pointed out by Pólya, this gives the impression that induction and reasoning through analogies are inferior to deductive reasoning. 
Even though the process of proving comprises different modes of reasoning, the ultimate goal in proof construction is to establish a string of deductive arguments that is superior to all conjectures and hypotheses. Contrary to this key role of deduction in proving, there is no ground for deduction in concept formation and defining. This means that the arguments that justify a definition cannot have a deductive structure. This is not to say that deductive argument is absent when establishing the starting point, rather deduction has a similar role in defining as induction has in proving, as can be observed in Lakatos (1976), where deductive reasoning gives an indication that the definition should be otherwise, and gives ideas of what it should comprise (Arrow 5 in Figure 1). This is similar to the role of induction in proving, where the induced conjecture produces ideas on how to construct the proof. 
Thus, it is clear that deduction has a role in both proving and defining (respectively arrows 2 and 5 in Figure 1), and also that induction has a place in proving (arrow 4 in Figure 1). 

I will now investigate how induction has a place in defining. As quoted in the section on defining, “there are a variety of statements which constitute necessary conditions - the concept properties…” (Winicki-Landman & Leikin, 2000, p. 17). The crucial question is how to select these necessary properties that can be used to formulate a definition. When finding properties of a mathematical object, at first one is acquainted with an appearing mathematical phenomenon. I use the verb appearing because it gradually appears through the acquaintance, and in this process of appearing different properties becomes visible. To illustrate this, I will use an observation from a lesson in Year 2. The subject is geometry and the goal is to define a pyramid. I start the session by holding a triangular pyramid in front of the class and asking: What shape is this? After some suggestions they conclude that it is a pyramid. The next question they are asked is: How do you know that this is a pyramid? Then the students investigate the distributed pyramids and different properties are written on the whiteboard. This process, which the students engage in here, is the start of finding the sufficient properties that can be used in forming a definition. Because this process consists of finding properties by observing only one pyramid and assigning these properties to the general concept of a pyramid, I claim that this is an inductive process. That is, there are some local properties that are used to make general statements about the pyramids, statements that we characterise as definition. Undertaking this type of reasoning, making a general claim based on singularities, is inductive reasoning, according to my understanding. What happens next in the observed lesson shows some of the dynamics associated with inductive reasoning. Two of several listed properties were: “has only triangles” and “has four triangles”. These two could have been used to form a sufficient definition, a pyramid is a polyhedron consisting of exactly four triangles, but were not. According to the students’ experience at this point, this definition would have worked perfectly well. Then I show them a square-based pyramid, and again I ask them what kind of shape is it? “Pyramid!” They reply quickly. I then give them the task to check the properties of the new shape with the list on the whiteboard.  They conclude that it is not correct that it “only has triangles”. What has happened here is that one of the properties that was experienced as being characteristic of pyramids was not that general. This raised the need to write a new point about the plane of the pyramid. This classroom observation has similarities with what takes place in Lakatos (1976) where there is an ongoing discussion on what defines a polyhedron. Also here the definition builds on acquaintances with specific shapes. There is much more to be said about the process of defining. Even so, I believe that based on the present observation and reflection it is possible to claim that induction has a crucial role in defining, and that perhaps it is even superior to deduction. This is symbolised by arrow no. 1 in Figure 1. 
I argue, therefore, that in the process of constructing the starting points, the strongest available argument is an inductive argument. Accordingly, induction and deduction play a crucial role in two different areas of mathematics and mathematical activity. Inductive reasoning has two crucial roles in mathematics: firstly, it is the main activity of concept formation; secondly, it is part of the heuristic process and conjecturing.
The notion of induction and deduction is not used in the Norwegian curriculum (Utdanningsdirektoratet, 2019), probably because these notions are too academic for the level of a national school curriculum. Instead, such expressions as logical thinking and logical reasoning (p. 9) are used. The national curriculum in the UK (Departmen-of-Education, 2020) does not use the notion of induction, but does refer to variants of deducing five times. However, the NCTM (2000) uses both induction and deduction several times, as in the following extract:
Students should discuss their reasoning […] explaining the basis for their conjectures and the rationale for their mathematical assertions. Through these experiences, students should become more proficient in using inductive and deductive reasoning appropriately. (NCTM, 2000, p. 262)
First of all, this is interesting because the NCTM council highlights how students should learn to use both the inductive and deductive argument appropriately. Another aspect is how the link between induction and conjecturing is also highlighted. That the NCTM combines both inductive and deductive reasoning is a step in the right direction. Looking closer into the NTCM’s approach, we see that induction is only related to heuristic activity, induction is not related to concept formation. 
The challenge that students and teachers have in seeing the epistemological value of inductive and deductive arguments relates to this role of induction and deduction in mathematics. 
The devaluation of induction which takes place in mathematics does not fit with students’ perceptions of reasoning, where there is no devaluation of the inductive argumentation as it plays an important role in our everyday and scientific thinking, and also in mathematics, as I have argued above. Thus, we only find a tradition of devaluing induction in mathematics where it seems that the above-mentioned challenges are met with an attitude that inductive arguments are always inferior to deductive argument in mathematics. Perhaps these observed challenges address the need to see the certainty in proof in relation to the certainty in definition, and this needs to be related to the modes of reasoning in both cases, not only in relation to proving. 
In contrast to the hitherto explored dichotomies that examine greater constructs, the next dichotomy, arbitrary/necessary, takes a much more local perspective, which makes it more tangible and more hands-on for teachers and students. It is not as intellectually demanding for them as the other two dichotomies were because it builds a path into the discovery of the structure of mathematics that starts with the simple things.

[bookmark: _Toc8682051]Arbitrary/necessary
The essence of this final dichotomy is that it is possible to divide the mathematical curriculum into things that are arbitrary and things that are necessary (Hewitt, 1999). 
Arbitrary, […], refers to a piece of mathematical knowledge that “someone could only come to know it to be true by being informed of it by some external means - whether by a teacher, a book, the internet, etc.” (Hewitt 1999, p. 3)
Necessary refers to “things which [some] students can work out for themselves and know to be correct” (Hewitt, 1999, p. 4)
Since names, symbols, notations and conventions are things that could have been different, they are said to be arbitrary. Definition and even proof have aspects that are arbitrary. Definitions are arbitrary because it is possible to select different properties to use in forming the definition. When it comes to proof, the choice of one over several possible proofs is arbitrary. The results from reasoning deductively on the properties of given mathematical objects are necessary. This distinction can be illustrated with an example: The way  is written is arbitrary, but it is not arbitrary that the sum of two halves is one. 
The notion arbitrary can cause some confusion as arbitrary might be associated with total randomness, where an outcome has no relation to its history or its environment. But in this context, arbitrary refers to the things that could have been different but still have a reason for how they are. Ernest (1998, p. 248) mentions that contingency denotes the opposite of necessary in mathematics and this captures better that the arbitrary can be constructed differently. However, I will use the most common notion arbitrary.
Thus, both arbitrary and necessary have their causes, but these causes are different in their nature. This difference lies in the modes of reasoning that construct the cause of either arbitrary or necessary. These differences relate to the dichotomy of inductive/deductive reasoning. The obvious link to deductive reasoning is that what is necessary rests on deductive reasoning. For example, twenty-four divided by three is necessarily eight.  On the other hand, it appears that arbitrary has a wide variety of origins and reasons that can be both historical and practical. One example is that the letter e has been chosen to designate 2.71828… in reference to Euler. The letter could have been chosen otherwise, but the choice has been made, and with a kind of reasoning, even though it has not been made through necessity. 
As shown in the introduction, arbitrary appears in the Norwegian curriculum: “… students should understand that mathematical rules and results are not arbitrary” (Utdanningsdirektoratet, 2019, p. 2 my emphasis and translation). The interesting aspect here is that the curriculum emphasises that which is not arbitrary, thus the necessary. As discussed above, this focus on the deductive aspect of mathematics is in line with the common idea that mathematics is about learning deductive reasoning. What is not mentioned in the curriculum is that a large part of what we encounter in mathematics actually is arbitrary. It seems that, as some research has shown, not being aware of the arbitrary can lead to challenges, as Linchevsky et al. (1992) pointed out, prospective teachers are not aware of the arbitrary aspect of definitions. This is related to the fact that the teacher needs to be able to explain why terms are defined in a certain way, without this elaboration students might believe that mathematics is a collection of random roles and definitions (Even, 1990). 
Some of the research literature looks at how arbitrary aspects can be the focus in mathematics teaching and learning. One example is Kontorovich and Zazkis (2017), who observe students investigating how superscript (-1) occurs in both reciprocals () and inverse functions () and try to find the reason for this. The outcome of the study is that students develop an understanding of the convention, and that this also gives greater insight into the mathematical concepts. Kontorovich and Zazkis (2017) do not investigate the nature of the reasoning that is involved in stating that the conventions are a convenient/good choice, even though analogical reasoning is visible in their observation. Meanwhile, the importance of analogical reasoning in establishing conventions is found in the work by Sinitzsky et al. (2011), where students explore the analogy between even/odd numbers and even/odd functions. This approach to studying a mathematical concept through arbitrary notation has interesting support from Davis and Hersh (1981), who state:
Yet it seems at times that symbols return more than was put into them, that they are wiser than their creators. (p. 125)
They exemplify this with symbols that become a source of creativity, for example the Leibnizian notion of derivatives  with  as natural numbers. This then leads to the idea of experimenting with as a rational number, . 
This is in line with the statement that both the content and the nature of the arbitrary are vital in developing advanced mathematical thinking (Furinghetti & Paola, 2000). 
 (
Figure 
2
. Arbitrary and necessary added to the landscape of the dichotomies.
Ellipse E
Arbitrary: Names, symbols, norms, definitions
Ellipse F
Necessary: Proofs, calculation results
Ellipse G
Historical and cultural context: already existing names, symbols, norms, definitions
Arrow 7
Inductive and analogical thinking. The experience of the phenomena generates analogical and inductive reasoning
Arrow 8
The historical and cultural context influences the creation and understanding of the arbitrary through analogical reasoning
Arrow 9
Some elements of the arbitrary are used to deduce the proposition. Notion and names are examples of arbitrary elements that are not used in deduction  
)By studing the apperance of the arbitray and how it becomes what it is, it is clear the analogical reasoning plays a pivotal role in this creation of what is arbitrary. Here we can observe a parallel to what happens with inductive reasoning in relation to defining, where inductive reasoning is often seen as inferior to deduction but actually has a pivotal role in defining. Similarly, analogical thinking has a superior role in the creation of what is arbitrary. 
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. Visualising the relationship
)The intervening dichotomies
The above section has shown how the described structural notion has important aspects and how these properties contrast which each other, both in terms of what constructs them and what role they play in mathematics, for example how the defining activity is different from proving in its nature and that it has a different role. If we contrast these notions, we might find pedagogical value, nevertheless, looking at how the notions are interrelated and how they influence and depend on each other is another important approach. The intention is not to give a broad elaboration on these subjects, rather it is just to state their importance in this elaboration of the structure of mathematics in relation to school.
Figure 3 shows that there are many different interactions that can be studied. But the aim is not to examine all the relations, but to try to break down the linear picture that sees mathematics as axiomatic deductive reasoning, where there is a given that is followed by deductive reasoning. The proving process is not linear, rather it is shifting back and forth between exploration and inductive and deduction reasoning (Boero, 1999). By breaking with this idea, it will also be more obvious that defining is not subordinate to and less important than proving, but it can become clear that they are intertwined processes.
If one looks at the Norwegian curriculum it is not easy to see that it allows the students to experience this dynamic between proving and defining. It does not state anywhere how a given result in mathematics can also be the grounds for reassessing the definitions that have been used. I will give two examples here to show how this dynamic between defining and proving can be observed in the classroom to illustrate how this could develop. 
Example 1
A Year 6 class has worked with developing arguments stating that the sum of two odd numbers is always an even number. This was done through the use of concretes, which meant that the arguments were connected to these representations. After the pupils had done this, they were asked to formulate definitions of odd numbers and even numbers on the whiteboard. In our role as teachers we could observe how these definitions were to a large degree based on this argumentation for the divisibility of the product of two odd numbers, whereas other definitions were more detached from the work they had just completed. An example of the first is: “A number that can be written as the sum of two equal numbers.” This definition relates to the argument that odd plus odd is even: “Two similar odd numbers are the same as multiplying by two. Which then might then be divided by two.” A definition that was more general and perhaps not that related to the work they had just performed is: “Odd is a number that can’t be divided by two”. This interpretation of separating between these two definitions is speculative, nevertheless, the definitions show some influence from the proving task. One thing that could have been done, but was not done in the situation in question is that these definitions could have been discussed and used to form more abstract arguments for the product of two odd numbers.
Thus, this observed situation showed us as teachers how arguing for a mathematical result also gives the grounds for developing definitions, and furthermore gives the possibility to work with these new explicit definitions so that we can proceed to develop new forms of argumentation that are less connected to the physical representations.
Example 2
A Year 2 class was asked to categorise a pile of objects into three groups, namely cylinder, sphere and prisms. The idea was that to do this, the students would need to argue deductively based on the definitions of these geometrical shapes. Ahead of this task, the teacher had made explanations and listed criteria of prism, cylinder and sphere, which in this situation functioned as a starting point for arranging the objects. This was not one directional reasoning  based on the given criteria, rather a discussion developed that shifted between developing definitions and deductive reasoning. One question that arose was whether or not a cylinder could be a tube, as this had not been clarified in the preparation of the sorting task. These examples show how the mathematical discussion actually shifts between defining and deduction.
These two examples have illustrated two aspects of the interrelation between defining and proving, the first example shows how knowledge in defining also is influenced on the proving process. The second example shows how the classroom discussion shifts between defining and deductive reasoning. Hence, even though defining/proving might be contrasted, their entanglement is a crucial point in teaching and learning mathematics. 
Lakatos (1976) uses a historical lens to show how the search for proof leads to the need to revise definitions, and the discussion of definitions addresses the questions of what the proof is proving and which domain the proof covers. He discusses the role of inductive and deductive arguments in this process of establishing the definition, on the one hand, and the proof, on the other hand (see p. 72). Lakatos documents how mathematicians simultaneously engage in constructing the proof and in developing definitions. The definitions are revised and developed when the proof is challenged by counter-examples, which then also alter the proof. He also illustrates how meaning and justification interplay, as the definitions present the meaning and the proof presents justification. 
Lakatos’ (1976) Proofs and Refutations is a contrast to Euclid’s Elements. The main structure of the latter is that it presents definitions and axioms (postulates and common notions) which are the ground for the deductively driven propositions (Joyce, 2013). A key difference between these two works is that Lakatos highlights the dynamic process that is taking place while developing a proof, while Euclid’s book is a written mathematical product that states how the propositions are deduced from the definitions and axioms. But the Elements does not reveal how the definitions and axioms have been developed. 
It appears that the consequence of this attitude and beliefs that is associated with the deductive style (Lakatos, 1976, p. 151) is that the process of making definitions is not considered to be part of the mathematical process and that mathematical reasoning commences when the starting point has been given (cf. Hewitt, 1999). This is reflected in the structure of teaching, where ready-made definitions are given to students so they can reason and calculate (De Villiers, 1998; Vinner, 1991).
This section has emphasised that the interplay between the dichotomised constructs is vital in developing mathematical knowledge. It is reasonable to believe that this interplay also exists and should be part of mathematical learning and teaching. 
A consequence of this entanglement between inductive, deductive, defining, proving, arbitrary and necessary is the challenge of keeping track of the different epistemological values that are linked to the different constructs when the classroom focus is shifting between them. As in the examples above, when switching back and forth between defining and proving, the teacher has to be aware that the epistemology is also changing. 

Investigating analogical reasoning in the landscape of mathematical reasoning
One of the key challenges presented in the introduction was the difficulty of distinguishing between the value of inductive and deductive arguments. As a consequence of this, in this paper I have elaborated on and contrasted inductive and deductive reasoning. This elaboration has shown how both inductive and deductive reasoning have their own domains where they have a key role, namely, deduction in proving and induction in defining.
Moreover, it appears that analogical reasoning also has an important role in mathematics, especially when it comes to creating the arbitrary. The role that analogical thinking has in the creation of the arbitrary is slightly different than the role that Pólya (1954) assigns to analogical thinking. Pólya maintains that analogical thinking is pivotal in the heuristic process, where mathematicians perceive the similarities between different mathematical structures, which then leads to ideas for solutions. However, the role of analogical reasoning in the context of the arbitrary is not to create conjectures for theorems, conjectures which should be replaced by deduction. In the context of the arbitrary, analogical reasoning is permanent, which means that it is impossible to replace analogical reasoning with deduction, it is the reason and it is not possible to replace it with deductive reasoning.
One way to broaden and expand the topic of this paper is to look into how both analogical and metaphorical reasoning relate to inductive and deductive reasoning, and further also to definition, proof and the arbitrary. Here I consider analogical reasoning is what leads to a metaphor. In this, the metaphor is a product and analogical reasoning is the process of arriving at the metaphor. In this text, metaphorical reasoning is a synonym for analogical reasoning.[footnoteRef:1]  [1:  Some reasoning leads to new metaphors, and then some reasoning uses metaphors. As an example of the first case: “the great variation in aftertaste makes me feel that this is a lively wine”. An example of the latter case: “we should buy this wine, it’s so lively”.] 

Below, I will make a few brief comments on this possible line of inquiry. 
Looking at Sfard (1994), it appears that the role of analogical reasoning is not limited to the arbitrary. Rather, both metaphorical and analogical reasoning have a pivotal role in forming the idea of necessity, interference and abstract mathematical notions and their meaning. Sfard illustrates the dependence on the experience of the physical world as flows: 
[bookmark: _Hlk53053295]In the Platonic world of ideas, the term “basic laws” has a very special meaning and signifies more than the laws of logic. In the realm of material objects all events are determined by laws of nature. Phenomena such as the free fall of a stone thrown from a window are inevitable. Our feeling that the abstract universe is governed by similarly uncompromising, deterministic laws is inherent in the metaphorical way we construct the system of ideas. (Sfard, 1994, p. 52)
Sfard argues that one can consider this transfer from the bodily experience of the world to the abstract ideas of necessity as a metaphorical process. The understanding of metaphorical reasoning is that it is like mapping something from one domain to another. What Sfard means is that the experience of consistency is mapped into our idea that thoughts and meaning also should be dominated by consistency. Another key function of metaphors is how they give meaning to abstract notions by referring for the most part to physical and bodily experiences.[footnoteRef:2]. One example is the idea of existence and objects, where we talk about mental ideas as if they were existing objects. These ideas do not put analogical and metaphorical thinking down in the small corner of arbitrary, rather this thinking is vital for the development of mathematical knowledge as a whole and for the understanding of it. [2:  In the end, every notion has to be defined by a bodily experience. ] 

Another aspect that could also be investigated is how induction might be considered as a special case of analogical reasoning. I will explain this briefly here. One thing that is characteristic of analogical thinking is that there is a transfer from one domain to another. This domain is often of a totally different nature, and the gap between the domains is so wide that it seems impossible[footnoteRef:3] for anything else than an analogy to reach across. One example is to say that a tetrahedron is a 3D triangle.  [3:  When the domains are similar, it might then be possible to replace analogical reasoning with deduction. In this way, it is also possible to see a relationship between analogical and deductive reasoning.  ] 

As analogical reasoning is transferred[footnoteRef:4] from one domain to another, it could be argued that inducing from a limited number of cases to an abstract and theoretical concept is a form of analogical reasoning. This analogical reasoning builds general concepts that represent the group of objects.  [4:  What is being transferred? Is it the understanding? Similar shapes, patterns or relations? Is it the recognition of a pattern?] 

Summing up this possibility of further investigation, it is possible to broaden this landscape of mathematical reasoning by investigating how analogical and metaphorical reasoning are part of mathematical reasoning and creation. I believe that this will make it possible to broaden the understanding of mathematical thinking and how mathematical meaning arises.
Conclusion
In this paper I have looked at how the structure of mathematics appears in school mathematics. There is a danger, as we emphasise argumentation in schools more, that teachers apply the practices they experienced at university (largely deductive) in schools, and overlook other important aspects of mathematical practice. By examining the three dichotomies definition/proving, inductive/deductive and arbitrary/necessary, I have attempted to create a larger picture of the structure of mathematics and how this structure can be discerned in school mathematics. The basic structure of mathematics appears in several ways in school mathematics. First and foremost, there is a focus on students learning to argue and prove, and that they should learn some definitions of geometric shapes. Furthermore, they should be able to recognise mathematical thinking, where the focus is on deductive reasoning. Even though there is a certain focus on the structures of mathematics in school, a number of challenges can be linked to the mathematical structures, including how it is a challenging to recognise the different epistemological values of inductive and deductive arguments, and being able to identify and assess the arbitrary in mathematics.
By examining the structure of mathematics in the school subject, it seems that there is a bias with respect to what is emphasised and considered significant. When it comes to thinking, deductive reasoning is emphasised, while inductive and analogous thinking’s key role in the formation of mathematical knowledge is not emphasised. When it comes to mathematical content, the necessary is emphasised, while the structures around the arbitrary seem to receive little attention. This skewed perspective that emerges in school mathematics is in line with the more common perception of mathematics as something pure and sublime, and that it is the only discipline where one can arrive at absolute results and truths.
I agree that there is a need to develop an affinity and intuition for deduction and the certainty that occurs in mathematics (Fischbein, 1982). And further I agree with Reid (2020) that mathematical proving is a unique arena for developing the feeling for deduction, and that there is no other subject where it is possible to experience the nature and power of deduction. The question is if this perspective also can include induction and the process of defining. Mathematics is a unique arena for developing understanding and intuition for definitions (and starting points more generally) and the modes of reasoning that are embedded in the development of them. There is no other domain that shows how the foundation and starting point has major implications for the reasoning that they support. What is unique is how mathematics makes it possible to study the interplay between the elaboration of the starting points and the deduction that this might lead to.
The Norwegian curriculum states initially
Mathematics shall contribute to helping students develop a precise language for reasoning, critical thinking and communication through abstraction and generalisation. (Utdanningsdirektoratet, 2019, p. 2)
[Matematikk skal bidra til at elevane utviklar eit presist språk for resonnering, kritisk tenking og kommunikasjon gjennom abstraksjon og generalisering.]
Here it can be seen that the purpose of the mathematics subject is not only to learn to calculate, but also to develop a precise language for reasoning and critical thinking. If mathematics is to succeed in this task, it must also be an arena where an understanding of how to reason and reflect on the starting points is developed. These are important aspects of the democratic competence that will also be developed through the mathematics subject. For example, in political discussions it is not just a matter of reasoning deductively on the basis of given premises, but it is also a matter of being able to assess and reflect on the premises that underlie the various political stances. Something that illustrates the need for this knowledge is how politicians try to argue logically based on their different political views without first discussing the various political premises. A holistic approach to the nature of mathematics can make mathematics teaching an arena where children have the opportunity to also develop a holistic understanding of the knowledge discourse we have in today’s society, i.e. it is important not only to learn to reason deductively based on given premises, but also to be able to discuss the premises and then be aware that this is a discussion that cannot be based on deduction.
The discussions here have focused on how reasoning and mathematical structure are entangled, and how thinking and reasoning relate to the structure of mathematics. As with the understanding of proof, one needs to be aware of how different modes of reasoning relate to it. As was emphasised by the NTCM,  students should learn to use inductive and deductive reasoning adequately, where we find the potential to learn that thinking plays an important role in the structure of mathematics, and where grounds are given for certainty in both defining and proving. When embracing a broader perspective on reasoning in mathematics it appears that it is also possible to make the process of defining transparent. While deductive reasoning appears to be pure and transparent, the process of defining appears to be muddled and unsystematic. This emphasis on illuminating both sides of the described dichotomies might develop knowledge that helps teachers and students to answer the question about why we say that definitions cannot be proven. 
The main purpose of this paper has been to discuss the structure of mathematics in order to understand the challenges teachers and students experience in relation to the structure of mathematics. The examination of the structure of mathematics challenged the biased view that mathematics is solely deductive, or at least that only deductive reasoning has the real value and that it is superior to inductive and analogical reasoning. However, I have argued that inductive reasoning has a key role to play in the defining activity, and analogical reasoning appears to have a key role in developing the arbitrary. This means that to overcome the challenges we need to do more than ask the students and teachers to repeat the dogma that all mathematical reasoning is deceptive. Rather there is a need to develop an intuition for the varieties in mathematical reasoning and what role this plays in developing mathematical knowledge. This leads to the set of questions that should be present in the mathematics classroom.
· Why is something true?
· Why is a definition right?
· Why is a proof right?
· What make us agree upon the definition and the proof?
· Why do we have the names we use?
· Why do we write things in the way we do?
· Could the names and symbols be presented in other ways?
Looking ahead 
Based on the theoretical discussion, I suggest that there is a need to investigate more into how teachers’ understanding of defining and proving and the interplay between them influence teachers’ abilities to work on argumentation and proof in primary school. There is also a need to investigate how the different dichotomies appear in the mathematics classroom. How is the defining and proving activity dependent on and interfering in the mathematics classroom?
An intervention study is required that looks into how teachers and students develop competence in the flexible shifting between concept formation and deductive reasoning.
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